Within the context of spin-related optical phenomena, the near-field directionality is generally understood from the quantum spin Hall effect of light, according to which the transverse spin of surface or guided modes is locked to the propagation direction. So far, most previous works have been focused on the spin properties of circularly polarized dipolar sources. However, in near-field optics, higher-order multipole sources (e.g., quadrupole, octupole, and so on) might become relevant, so a more in-depth formulation would be highly valuable. Building on the angular spectrum representation, we provide a general, analytical, and ready-to-use treatment in order to address the near-field directionality of any multipole field, particularizing to the electric quadrupole case. Besides underpinning and upgrading the current framework on spin-dependent directionality, our results may open up new perspectives for engineering light-matter coupling at the nanoscale.
Introduction.-The current trend toward the miniaturization and integration of photonic devices has spurred the unprecedented ability for exploiting the spin of light in a multitude of nanophotonic applications based on the so-called spin-orbit interaction (SOI) [1, 2] . Essentially, optical SOI comprises a broad class of effects involving the mutual influence between the state of polarization (spin) and the spatial propagation features (orbit) of evanescent as well as nontrivially structured optical fields [3] , that naturally and necessarily emerges at the subwavelength scale [4] . In classical and quantum optics, one of the most important evidences of the occurrence of SOI comes from the spin-controlled unidirectional excitation of guided waves [5] , which has been successfully demonstrated both theoretically and experimentally in a wide variety of photonic platforms and spectral ranges, including dielectric-based integrated optics [6] [7] [8] , plasmonic systems [9] , hyperbolic metamaterials [10] , photonic crystals [11, 12] , microwave waveguides [13] , and optical fibers [14] . Within this context, the relatively recent discovery of the photonic counterpart of the quantum spin Hall effect [15] may be regarded as a major breakthrough on the unified understanding of the spin-momentum locking, and its incontrovertible relationship with the transverse spin associated to the evanescent waves supported by surface or guided modes [16] [17] [18] . This general framework has provided an insightful explanation for the near-field directionality of electromagnetic (EM) guided modes by circularly polarized electric (and/or magnetic) dipoles [5] . Indeed, from the point of view of the local dynamical properties, the spin-controlled unidirectional excitation can be simply understood as the coupling between the longitudinal spin components of the dipolar source with that of the corresponding guided mode [19] [20] [21] .
For a more accurate description of near-field coupling a full-vector wave analysis becomes necessary [22] , thereby taking into account both the relative amplitude and phase between the electric and magnetic field contributions [23, 24] . This leads to an approach that strongly resembles Fermi's golden rule, according to which the chiral (or directional) waveguide coupling efficiency is proportional to |p · E * + m · µH * | 2 , i.e., it relies on the similarity between the electric (and/or magnetic) dipole moment, p (and/or m), and the electric (and/or magnetic) field distribution, E (and/or H) of the guided mode at the same location of the dipolar sources, with µ being the permeability of the medium [11, 14, [19] [20] [21] . Nonetheless, in structures exhibiting a translational symmetry along two directions of a given plane, this scheme for the mode-coupling can be further simplified [23] . Indeed, in these scenarios, one can also employ an alternative and equivalent approach based on the asymmetric features of the near-field angular spectrum representation together with considerations of structural symmetry and momentum conservation [5, 9, 25, 26] . This formalism has the advantage of only accounting for the matching condition between the wavevector of the electric (and/or magnetic) dipole and that of the corresponding confined mode, thus gaining some physical intuition and simplifying the mathematics.
Regardless of the specific approach, up to our knowledge, all previous works addressing the unidirectional near-field scattering have only been focused on dipolar sources. This includes the Janus dipole [24, 27] , being side-dependent topologically protected, as well as the directional Huygens' dipole [28] . Yet, higher-order multipole moments (e.g., quadrupole, octupole, and so on) turn out to be relevant at the nanoscale [22, 29] , and a more in-depth treatment for the spin-dependent directionality beyond the dipole approximation is required. Building upon the angular spectrum representation, in this work we provide a complete and systematic formulation for the near-field directionality of EM multipole fields of arbitrary order. Special emphasis is placed on the particular case of the electric quadrupole, for which we explicitly show the potential benefits of increasing the degrees of freedom available as well as of broadening the spatial range where the evanescent modes have a significant contribution [4, 30] . Importantly, the end results are elegantly expressed in an easy-to-use form. Indeed, we also include an online tool which directly provides the angular spectra for arbitrary multipole sources [31] . In this way, they can be directly applied to the analytical design of nanoscale optical sources for engineering the directional scattering and coupling of EM fields to both confining structures and waveguiding systems [32] [33] [34] [35] .
Angular spectrum of electric quadrupole.-The angular spectrum representation, often referred to as the generalized plane wave expansion [36] , is a very well known theoretical concept that allows us to obtain a mode representation of any EM field in terms of elementary plane waves which can be either propagating or evanescent [22, 37] .
It has been found to be especially well suited for describing near-and far-field light-matter interaction of optical sources neighboring material structures exhibiting planar geometries, such as slabs, interfaces or layered media [22, 29, 37] . Accordingly, this approach has been extensively used in a plethora of fundamental problems in classical optics (see, e.g., Refs. [38] [39] [40] and references therein), with special emphasis on the study of reflection and transmission of EM multipole fields by interfaces [41, 42] , and more recently for the characterization of near-field directionality of dipolar sources [5, 23, 25, 26] .
Regarding our main goal toward a complete description of the near-field directionality, the aforementioned angular spectrum formalism is actually used to represent the EM radiation emanating from a localized optical source via the partial Fourier transform [43] :
with Ψ(r) being the complex amplitude of any scalar or vector field satisfying the Helmholtz wave equation so thatΨ(κ x , κ y ; z) =Ψ 0 (κ x , κ y ; 0)e ±ikκzz . For the sake of completeness as well as for comparison purposes, we will firstly sketch the derivation of the angular spectrum (momentum representation) of an electric dipole [37, 44] . To this end, it should be noted that, in general, any optical source (i.e., dipole, quadrupole, and so on) can be characterized by either the charge-current density distribution, or alternatively through the associated vector potential [22] . Then, following Jackson's textbook on classical electrodynamics [45] , for the particular case of the electric dipole (ED), the vector potential reads as
where p ≡ r ρ(r )dr is the electric dipole moment, which is in turn tied to the electric current density J(r) = −iωδ 3 (r−r )p, and ρ(r) is the charge density. Notice that throughout this work we will assume fields with harmonic time dependence of the form e −iωt , where ω is the angular frequency. Making use of Weyl's identity [37, 46] ,
it is straightforward to show that
where k ± = k (κ x , κ y , ±κ z ) is the wavevector, and the signs + and − stand for the wave propagation through the half-spaces z > 0 and z < 0, respectively. Furthermore, solutions to the Helmholtz wave equation must obey k ± · k ± = k 2 , so it follows that
which correspond, respectively, to the propagating and evanescent modes in the partial Fourier (or momentum) space (κ x , κ y ) [22, 37] . Hence, according to the basic properties of Fourier transform, from Eqs. (1) and (4) the spectral amplitude of the electric dipole vector potential isÃ
Following a similar but slightly trickier procedure we may obtain a closed expression for the angular spectrum amplitude of the electric quadrupole as well. To this aim, we start again from the vector potential of the electric quadrupole (EQ) as given in Ref. [45] :
where Q · e r is the term that conveys the "quadrupolar character" to the vector potential, with e r being the radial unit vector. The quadrupole moment Q is a rank-two tensor, usually represented by a 3 × 3 traceless, complex, and symmetric matrix, thus reducing the unknowns to 5. In this case the scalar contribution of Eq. (7) is no longer a proper solution of the Helmholtz wave equation. Moreover, since e r depends on the direction of observation, we cannot take it out of the integral [47] . With these considerations in mind, the spectral amplitude of the electric quadrupole vector potential can be directly obtained by applying a partial Fourier transform as defined in Eq. (1) to the vector potential Eq.
. In this way, after some straightforward but lengthy manipulations that involves the change of variables to cylindrical coordinates (in both real and momentum space), the utilization of some integral identities leading to Bessel functions [48] , and a judicious choice of integration by parts (see Sec. III in the Supplemental Material [47]), we finally find that, in the limit z → 0,
When performing the integration, it is important to take into account the divergent behavior at the origin due to the presence of a singularity. This also happens for the electric dipole [37] , and may lead to misleading outcomes. Despite that, as pointed out in the Supplemental Material [47], we can formally obtain the angular spectrum of the electric quadrupole in each of the half-spaces [Eq. (8) ]. Equation (8) , expressed analytically in a closed form, constitutes the first main result of this work. In this respect, it is worth pointing out that it has been deliberately written in such a way that is easy to compare it with the angular spectrum amplitude of the electric dipole. Indeed, one can directly get the spectral amplitude of the electric quadrupole [Eq. (8) ] from that of the electric dipole [Eq. (6) ] simply by substituting
. Furthermore, these results are perfectly consistent with those presented in Ref. [33] for the multipole decomposition of scattered fields by arbitrary-shaped nanoparticles in the far-field approximation. According to this, the light-induced polarization vector can be Taylor expanded as follows
It should be noted that P is related to the electric current density J, which is in turn tied to the vector potential A [22, 45] . Thus, by means of the following substitution ∇ → ik ± , it can be readily seen that Eq. (9) coincides with Eqs. (6) and (8) , as well as with the magnetic dipole term (see appendix in the Supplemental Material [47]):
Besides providing a rapid verification of the above results, this correspondence betweenÃ 0 and P permits us to infer the next higher-order terms through a simple identification of each term in the Taylor expansion of the Dirac delta function around the origin [49] . Practical applications usually require the angular spectrum of the EM fields themselves instead of that of the vector potential [5, 23, 24] . In fact, this is a major advantage of the angular spectrum approach, because cumbersome analysis involving the computation of gradients, divergences, curls, and Laplacian, is reduced to simple algebra relying upon the product between the wavevector k ± and the spectral amplitudesÃ 0 .
Specifically, from the relationship between the magnetic field and the vector potential, B = µH = ∇×A, together with the curl-like Maxwell equation ∇ × H = −iωεE, with ε being the permittivity of the medium, the complex field amplitudes in momentum space (κ x , κ y ) can be nicely expressed in a compact form:
with p eff corresponding to the term in square brackets in Eq. (10), and Z = µ/ε is the medium impedance. These expressions are readily obtained by introducing the polarization vector basis, e s = (−κ y , κ x , 0) /κ R and e p = ±κ x κ z , ±κ y κ z , −κ 2 R /κ R , where the subscripts indicate the s (or TE) and p (or TM) polarizations, and
Notice that in the lossless propagating case (i.e., when k ± is real), they correspond to the usual unit vectors in spherical coordinates e ϕ and e θ , respectively.
Near-field directionality beyond the dipole.-In translationally symmetric nanostructures, such as dielectric slab waveguides or metal-dielectric interfaces supporting surface plasmons, the near-field directional coupling of guided modes can be simply understood either from the matching condition of the local EM fields (underpinning the aforementioned Fermi's golden rule) [11, 14, [19] [20] [21] or, alternatively, from the angular spectrum representation accounting for the phase-matching condition [23, 24] . Whereas the former approach requires prior knowledge of the EM field structure of the guided modes, the angular spectrum formalism only relies on the source by itself, together with structural symmetry aspects, thereby linked to momentum conservation [5, 9, 25, 26] . Hence, it can also be applied to nonplanar structures as long as they are translationally invariant along a given direction [23] .
The results given in Eqs. (11) and (12) correspond to the angular spectrum of the source, which are equal to the angular spectrum of the total field in an unbounded homogeneous medium. In the presence of nearby structures with translational invariance in the x and y directions, the reflected and transmitted fields can be easily included. Indeed, their angular spectra is simply given by the angular spectrum of the source with a multiplicative transfer function [37] , as shown in Fig.  1 . In the case of a single interface, the transfer function simply involves reflection and transmission Fresnel's coefficients [22] . Therefore, the near-field directional coupling of the source depends solely on the asymmetry in the evanescent components of the angular spectrum of the optical sources. This fact has been shown for circularly polarized electric and magnetic dipoles [23] , as well as for Huygens' and Janus sources [24, 27] . The (1)]. Within this representation, the analytic extension to the whole space with a dielectric slab is simply performed by using a transfer function, depending on the Fresnel's coefficients.
same idea can of course be exploited for the electric quadrupole case [see Fig. 2(b) ]. Indeed, as follows from Eqs. (10)- (12), the electric quadrupole with non-zero elements Q 11 = −Q 33 = −1 and Q 13 = −Q 31 = i shows a strongly asymmetrical p-polarized angular spectrum, with high amplitude in the near-field region κ x < −1, and negligible amplitude for κ x > 1, as shown in Fig. 1 , thus behaving very similarly to a circularly polarized electric dipole source. As a consequence, both sources show a clear unidirectionality when placed near a waveguide or slab [see Figs. 2(a-b) ]. Importantly, a quadrupole source has more degrees of freedom than a dipole, due to its tensorial nature, thereby allowing a more versatile engineering of its near-field for potential applications. Angular spectrum of higher-order multipole fields.-In an experimentally realistic situation, optical sources are actually emitters (quantum dots or atoms) or scatterers (single or assemblies of nanoparticles). In both cases, the multipole expansion of EM fields, expressed in terms of the vector spherical harmonics [45] , afford a suitable tool, because they enable a complete description of fields emanating from or coupling to localized optical systems [22] . This is crucial in nanophotonics, typically dealing with strongly confined optical fields that may lead to steep field gradients. Hence, it should be highly valuable for the near-field directional scattering when accounting for higher-order spectroscopic resonances [34, 35] .
In this case, instead of considering the standard vector potentials, in order to treat the electric and magnetic multipole fields on an equal footing, we will use a formulation based on the Hertz potentials [50, 51] . Under this representation, the magnetic and electric fields are, respectively, related to the electric-and magnetic-like Hertz potentials [52] , in the following manner:
After some manipulations taking into account the definitions of the EM multipole fields and the fulfillment of Helmholtz wave equation [45] , one can find a closed expression for the Hertz vector potential of any electric and magnetic multipolar source of (l, m) order (see Sec. V in the Supplemental Material [47] for details). Finally, from the partial Fourier transform, it can be proven that the spectral amplitude of the Hertz potentials associated to the electric-like sources on the plane z = 0 reads as
with
Same results also hold for magnetic-like sources, just by noting thatΠ
where P m l are the associated Legendre polynomials of degree l and order m , and (2, 2) respectively. The y subindex corresponds to the angular momentum axis of the source, therefore they correspond to dipolar and quadrupolar sources with the highest angular momentum along y, i.e., parallel to the interface. This sets up a circular phase gradient which sweeps the surface of the waveguide along −x, causing unidirectional excitation. In Fig 2(c) we confirm the trend by considering the (l, m) y = (3, 3) octupole source. A clear advantage of higher order sources is their longer range for near-field directional coupling, as multipoles of increasing order result in a similar amplitude of guided mode excitation at increasing distances from the waveguiding structure (for the same far-field radiated amplitude) as shown in Fig  2 . This is reflected in the analytical angular spectra as multiplicative "κ R " terms, which enhance the amplitude of the higher frequencies, thus broadening the spectrum. Notice that our analytical Eqs. (14)- (16) assume (l, m) z sources, whose angular momentum is around the z axis and do not show near-field directionality in the XY plane, but the same expression can be used to compute the angular spectra of the (l, m) y sources used in Fig 2  by properly rotating the κ x , κ y and κ z axes. Our online spectrum calculator allows this selection [31] .
Summary and outlook.-Taking advantage of the angular spectrum representation we have presented a general, systematic, and ready-to-use formulation for the near-field directionality beyond the dipole approximation.
Additionally, for the readers' convenience, we include an online tool to retrieve the angular spectra of arbitrary multipoles [31] . Specifically, we have derived an analytical and closed expression for the angular spectrum of EM multipole fields of arbitrary order. We have seen that successively higher order multipole fields provide an increasing range of near-field directionality as well as an increasing number of degrees of freedom. This could be useful, for instance, to promote the spin-controlled (coherent) multidirectional excitation of guided waves. Hence, besides underpinning and upgrading the already known framework on near-field directionality [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] 59 , 60], the full consideration of higher-order multipole moments may unveil new spin-dependent features, specially in the context of nonlinear nanophotonics [61] . [49] Note that Ref. [33] introduces Eq. (9) as an approximation in the far-field, but Eq. (10) is the full angular spectrum, accounting for both far-and near-fields, with no approximation.
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[ In this supplemental material we provide a step-by-step derivation of the angular spectrum representation of any electromagnetic multipole field. For completeness, and for convenience throughout this work, we first briefly review the angular spectrum of the electric dipole, which relies on Weyl's identity. In a similar but slightly trickier way, we are also able to get the angular spectrum of the electric quadrupole. Due to the similarity between these two particular results, we look into the possibility of addressing a general approach valid to any multipolar order. In this way, we find an analytical and closed expression that generalizes Weyl's identity thus enabling the angular spectrum representation of any multipole field.
I. ANGULAR SPECTRUM REPRESENTATION, WEYL'S IDENTITY AND HERTZ POTENTIALS
The angular spectrum representation is a classical technique that allows us to express any electromagnetic (EM) field in homogeneous media as a superposition of elementary plane waves which can be propagating (homogeneous) or evanescent (inhomogeneous) [1, 2] . Within the dipole approximation [3] this formalism essentially relies on Weyl's identity [4] :
where the wavevector is defined as k ± = k (κ x , κ y , ±κ z ), and the signs + and − stand for the wave propagation through the half-spaces z > 0 and z < 0, respectively. Moreover, assuming that k
This fundamental result allows us to represent any diverging spherical wave as a superposition of plane waves in the partial Fourier (or momentum) space (κ x , κ y ) [5] . As it will be shown below, beyond this simple case concerning scalar waves, the importance of the Weyl's identity becomes much more evident when studying the propagation of properly defined EM vector waves. Let us consider a time-harmonic optical field, Ψ(r, t) = Ψ 0 (r)e −iωt , propagating in a linear, homogeneous, isotropic, and source-free medium. The time-independent complex amplitude Ψ 0 must satisfy the Helmholtz wave equation:
where Ψ 0 can be either the electric or the magnetic field, k ≡ nk 0 is the wave number of the medium, k 0 ≡ ω/c is the wave number in vacuum, and n ≡ √ ε r µ r is the refractive index, being ε r and µ r the corresponding relative permittivity and permeability of the medium. If we assume that there exists a translational symmetry along two directions of a plane, we can define a direction r ⊥ which is perpendicular to this plane of symmetry, and then Ψ 0 can be represented by means of the inverse spatial Fourier transform on the partial space spanned by r as
where we have expressed both position and wave vectors in terms of their projections parallel and perpendicular to the plane of translational symmetry. Substituting Eq. (S4) into (S3) it is straightforward to demonstrate that
For simplicity, and without loss of generality, we particularize to the case in which k = k (κ x , κ y , 0), and k ± ⊥ = k (0, 0, ±κ z ), and so, it is easy to realize that the expression in the square brackets of Eq. (S5) actually is a Helmholtz-like equation reduced to the one-dimensional case:
Hence, the angular spectrum amplitudeΨ 0 can be simply expressed as
Finally, in order to get the angular spectrum representation we only have to insert this result in Eq. (S4):
where, once again, the signs + and − refer to a wave propagating in each of the half-spaces z > 0 and z < 0, respectively. Thus, provided that there exists a well defined translation symmetry, e.g., along the plane (x, y), one can always describe the whole EM field just from looking at the field over one of these planes, let us say the plane z = 0. As previously anticipated, this characterization is very useful because allows us to obtain a mode representation of the optical field in terms of propagating and evanescent plane waves [1] . Specifically, these characteristic solutions can be easily distinguished in the transverse momentum space (κ x , κ y ) taking into account their relative position with respect to the unit circumference κ Under the premises so far established, the above scheme is completely general, and can be applied to any scalar or vector field as long as it satisfies the Helmholtz wave equation. This enables a systematic analysis of the angular spectrum of any localized optical source (i.e., the electric dipole, quadrupole, and in general any higher-order multipole moment) by means of their corresponding vector potentials. More precisely, we can make use of the so-called electric and magnetic Hertz potentials [6, 7] , which might be introduced in terms of the standard scalar and vector potentials, Φ(r, t) and A(r, t) respectively, as follows [8] A(r, t) = µ∂ t Π (e) (r, t)
where ε ≡ ε 0 ε r and µ ≡ µ 0 µ r , with ε 0 and µ 0 being the permittivity and permeability of free space, respectively. It is interesting to point out that the superscript refers to the nature of the source that originates the EM radiation, that may be either electric or magnetic [9] . Furthermore, it should be noted that these definitions arise directly from the relationships between the time-dependent EM fields and the gauge standard potentials, E(r, t) ≡ −∇Φ(r, t)−∂ t A(r, t) and B(r, t) ≡ ∇ × A(r, t), together with the Lorenz condition, ∇ · A(r, t) + ε 0 µ 0 ∂ t Φ(r, t) = 0 (a complete derivation can be found in Ref. [8] ). All in all, for our purposes the key point to bear in mind is that both the electric and magnetic Hertz potentials, Π (e) (r, t) and Π (m) (r, t), by construction, satisfy the vector Helmholtz wave equation, and are susceptible of an expansion into their angular spectrum.
The latter relations between the time-dependent EM fields and the potentials can be applied to both electric and magnetic-like multipole sources. For the sake of clarity and simplicity, and without any loss of generality, hereinafter it will be assumed fields with harmonic time dependence of the form e −iωt . Then, from the definitions given in Eq. (S9), the complex field amplitudes read as
It is worth remarking that there exist some other definitions for the Hertz potentials that may yield simpler expressions for the EM fields. In particular, in Ref. [10] it can be found that the electric and magnetic Hertz potentials are presented separately, thus leading to EM fields associated to electric-and magnetic-like sources that are related to each other just through the duality principle and the symmetry of Maxwell's equations. Despite that, in order to build on a sound and self-consistent framework, we will mainly focus on the approach provided in Ref. [8] , and so we will regard the potentials as given in Eq. (S9). In this respect, it is important to recall that owing to the gauge freedom,
we can always find out a gauge function χ(r, t) enabling the transformation of any scalar and vector potential so as to meet the Lorenz condition, and thereby giving rise to Hertz-like vector potentials. This fact will be profitably exploited later in dealing with the angular spectrum representation of the EM multipole fields. Taking into account the appropriateness of the Hertz potentials for characterizing any multipole field, the main advantage of the angular spectrum formalism becomes evident when representing the EM fields, because the previous expressions involving spatial derivatives are greatly simplified in the partial Fourier space:
where Z 0 ≡ µ 0 /ε 0 is the impedance of free space. These expressions are readily obtained by the substitution ∇ → ik ± . Hence, cumbersome analysis involving the computation of gradients, divergences, curls, and Laplacian, is reduced to simple algebraic operations relying upon the product between the wavevector k ± and the spectral amplitudesΠ (e/m) .
II. ANGULAR SPECTRUM REPRESENTATION OF THE ELECTRIC DIPOLE
Below, for the sake of completeness and for convenience in the subsequent analysis, we will briefly sketch the derivation of the angular spectrum representation of an electric dipole. To do so, let us start by considering the corresponding complex-like vector potential associated to an oscillating electric dipole as given in Ref. [8] :
After integration by parts and using the continuity equation for the electric charge, i.e., ∇ · J + ∂ t ρ = 0, we can recast the latter expression in a more familiar form,
where p = +∞ −∞ r ρ(r )dr is the electric dipole moment. This means that the electric current density can be actually expressed as J(r) = −iωδ 3 (r − r )p, and so the dipolar source is simply characterized by a constant vector p. As pointed out above, to proceed with the angular spectrum representation, it is crucial to be certain that the vector potential given by Eq. (S17) really satisfies the Helmholtz equation:
In this regard, it should be noted that, besides a constant prefactor, the vector potential only consists of a diverging spherical wave (i.e., e ikr /r) which is in fact the scalar Green's function of the Helmholtz operator [1] , thereby satisfying in its own the Helmholtz equation everywhere except at the origin. Despite that singularity, we might formally get the angular spectrum of e ikr /r in each of the half-spaces z > 0 and z < 0 [1] . Hence, appealing to Weyl's identity given in Eq. (S1), it is straightforward to show that
By comparing the above expression with the general results given in Eqs. (S7) and (S8), it is easy to see that the angular spectrum amplitude of the electric dipole is given by:
where S.4
A more detailed description of the above derivation, in particular the explicit calculations to obtain Weyl's identity analytically [Eq. (S1)], can be found in Ref. [1] .
III. ANGULAR SPECTRUM REPRESENTATION OF THE ELECTRIC QUADRUPOLE
Building on the above scheme, in this section we will address the angular spectrum representation of the electric quadrupole. To this aim, we start once again from the corresponding vector potential as given in Ref. [8] :
where e r is the unit vector in the radial direction. Notice that this latter expression is given in terms of an integral involving the second moments of the charge density. Still, it can be readily simplified by using the following definitions:
where Q i = j Q ij (e r ) j , and
is the quadrupole moment tensor characterizing the charge distribution. This is a rank-two tensor, usually represented by a 3 × 3 traceless, complex, and symmetric matrix, i.e., Q xx + Q yy + Q zz = 0, and Q ij = Q ji , thus reducing the number of unknowns to 5. Hence, the vector potential can be recast as
Looking at this expression more closely, one realizes that there are important discrepancies in comparison with the previous case of the electric dipole. On the one side, it should be noticed that Q(e r ) depends on the direction of observation. As a consequence, the scalar contribution of the electric quadrupole's vector potential is no longer a proper solution of the Helmholtz equation, and so we have to regard the whole vector expression of A EQ when addressing the angular spectrum representation.
After verifying that Eq. (S25) does indeed satisfy the Helmholtz equation (it can be readily checked by means of a symbolic calculation software), we can then proceed to the computation of the angular spectrum amplitude for the electric quadrupole from the partial Fourier transform:
This integral can be easily solved making the following change of variables to cylindrical polar coordinates in both real and momentum space:
Therefore, Eq. (S26) reads as
S.5
where
1/2 are both real and positive quantities. It is important to emphasize that Q(e r ) depends in magnitude and direction on the integration variables R and θ, so it cannot be taken outside the integral (as in the previous case for the electric dipole). Furthermore, this is indeed the term that conveys the "quadrupolar character" to the vector potential and it can be expressed as follows:
with n = {x, y, z}. Then, with the aid of the following identities
where J l (x) is the Bessel function of the first kind and order l, it follows at once that the integration with respect to the angle θ reduces to
It is worth remarking in this case the presence of Bessel functions of order 1, in contrast with the case of the electric dipole where there are only Bessel functions of order 0. In addition, it should be noted that the whole vectorial expression would become much simpler provided that we use the properties of the quadrupole moment tensor (traceless, symmetries, ...). From the latter result it can be observed that we can actually work with all vector components simultaneously by using an index n = {x, y, z}. In doing so it follows that
(S33) Now we only have to perform the integration over the radial variable. In order to do that analytically, likewise as for the electric dipole, we ought to take the limit z → 0. Nonetheless, in this case, it is important to realize that taking the limit to the plane z = 0 may lead to misleading outcomes wherein the z-dependent contribution of the quadrupole moment tensor would seem to be dismissed. Thus, to overcome this issue we should carry out the integration separately for the xy and z components of the quadrupole moment (i.e.,Ã EQ n =Ã EQ n,xy +Ã EQ n,z ), where:
As anticipated earlier, special care must be taken with the integral involving the z-dependent contribution of Q . Then, we make use of integration by parts:
Hence, gathering together the above calculations, the spectral amplitude of the electric quadrupole reads
Since k ± = k(κ x , κ y , ±κ z ) (where signs + and − correspond to z > 0 and z < 0, respectively), the above result can be expressed in a closed form:Ã EQ (κ x , κ y ; 0) = µck
Notice that we have deliberately written down the latter expression in such a way that is straightforward to compare it with the angular spectrum amplitude of the electric dipole [Eq. (S21)]. In this respect, it is worth pointing out that we can attain the spectral amplitude of the electric quadrupole from that of the electric dipole by simply performing the substitution
. This additional k dependence on the spectral amplitude has important consequences regarding the spatial range where the evanescent modes have a significant contribution.
IV. SPECTRAL AMPLITUDES FOR THE ELECTRIC AND MAGNETIC FIELDS OF THE ELECTRIC DIPOLE AND QUADRUPOLE
Until now, we have been mainly focused on the angular spectra of the vector potentials. However, we are typically more interested in knowing the angular spectrum representation of the EM fields themselves. As has been already pointed out above, we can write the complex fields E(r) and H(r) from the standard vector potential A(r) by means of the following relations:
It should be noted that, for the moment, we skip the usage of Hertz potentials (they will turn out to be relevant below when dealing with EM multipole fields). Taking advantage of the angular spectrum formalism, one can easily represent the complex field amplitudes of both the electric dipole and quadrupole in a compact notation as
where, so as to avoid cumbersome notation,Ã ED/EQ 0 ≡Ã ED/EQ (κ x , κ y ; z = 0). Further simplifications can be made by introducing the polarization vector basis [11] :
where the subscripts indicate the s and p polarizations [9] , and e z is the unit vector perpendicular to the plane in which we perform the angular spectrum representation. Notice that in the propagating lossless case (i.e., when k ± is real), these two polarization vectors correspond to the usual unit vectors in spherical coordinates e ϕ and e θ , S.7 respectively, and form, together with k ± /k an orthonormal basis. However, even when we consider a complex k ± , the triad e s , e ± p , k ± /k remains orthonormal as long as we define the inner product as the dot product with no complex conjugation: e s · e s = e
Therefore, taking into account the above relations together with the scalar triple product identity,
, we can recast the EM fields as the projections along the polarization vectors:
Summarizing all the above, so far we have presented the Weyl's identity, the expression for the angular spectrum representation and the Hertz potentials. We have also sketched the angular spectrum for the particular case of the electric dipole and afterwards, we have performed the corresponding full derivation for the electric quadrupole (notice that we have omitted the magnetic dipole as yet; see appendix for details). This has enabled us to get the spectral representation of the EM fields in a very simple manner in terms of the s and p transverse unit vectors. Even so, this approach essentially relies on the ability to determine firstly the vector potential from the following expansion [8] :
Moreover we must be able to identify either the electric or the magnetic nature of the corresponding optical source. Thus, to find a formulation as general as possible, including the angular spectrum representation of any multipole field, we would have to go through higher-order terms in the previous expansion of the standard vector potential one by one. However, as pointed out by Jackson in Ref. [8] , this is only feasible for the lowest orders, i.e., just for the electric and magnetic dipole, or even for the electric quadrupole at best:
The labor involved in manipulating higher terms in expansion of the vector potential becomes increasingly prohibitive as the expansion is extended beyond the electric quadrupole terms. Another disadvantage of the present approach is that physically distinct fields such as those of the magnetic dipole and the electric quadrupole must be disentangled from the separate terms [. . . ]"
Owing to these considerations, in the next section we shall draw on the concepts previously introduced to provide a more suitable and systematic formulation for multipolar sources of arbitrary order.
V. ANGULAR SPECTRUM REPRESENTATION OF THE ELECTROMAGNETIC MULTIPOLE FIELDS
In this section we aim to find the angular spectrum representation of the general electric and magnetic multipole fields. Leaving aside the detailed procedure to obtain their explicit expressions, which can be found elsewhere (see, e.g., Refs. [2, 8] ), the electric (e) and magnetic (m) multipole fields of arbitrary order can be written as follows:
where Y l,m (Ω) are the spherical harmonics of order (l, m), Ω ≡ (θ, ϕ) stands for the standard angular coordinates (i.e., polar and azimuthal angles, respectively), f l (kr) ≡ {j l (kr), y l (kr)} are the l-dependent spherical Bessel functions of first and second kind, and L ≡ −i (r × ∇) is the orbital angular momentum operator. Since there are two independent radial dependent solutions [j l (kr) and y l (kr)], any linear combination will also be a solution, and specifically the spherical Hankel functions h (±) l (kr) = j l (kr) ± iy l (kr) are used to represent propagating spherical waves. Rather than dealing with the EM fields themselves, it is convenient to resort to the vector potentials. In this case, however, instead of considering the standard vector potentials, we will use a formulation based on the Hertz potentials to treat the electric and magnetic multipole fields on an equal footing. Under this representation, the first step will consist in determining an explicit expression for both the electric and magnetic Hertz potentials associated to the multipole fields of arbitrary order. This can be easily done just by looking at the Eqs. (S10) and (S11), which allow us to relate the magnetic and the electric fields to the electric and magnetic Hertz potentials, respectively:
Taking also into account the definitions given in Eqs. (S52) and (S54) it follows that
where we have particularized the spherical Hankel functions as the radial functions. With the help of the identity
, the latter expressions can be recast as
where we used the fact that ∇ × r = 0. It is important to realize that, since the only vector component is the radial one, we can judiciously insert the r-dependent prefactor inside the curl operator:
By comparing these results with the definitions of the EM multipole fields in terms of the Hertz potentials [see Eqs.
(S56) and (S57)], it is straightforward to show that a first attempt at finding potentials for arbitrary electric and magnetic multipole fields leads to
However, despite their simplicity, it can be demonstrated that the above expressions fail when we attempt to address the angular spectrum representation. This is because they do not satisfy the Helmholtz wave equation:
rad(e/m) l,m = 0. Therefore, referring to Π rad(e/m) l,m as the Hertz potentials is somehow an abuse of terminology. Nonetheless, we can overcome this issue just by adding the corresponding gradient of the electric-and magnetic-like gauge functions:
S.9
Hence, the vector potentials now read as
These results can be further simplified by expanding the gradient of the gauge function:
By means of the recurrence relation krh l−2 − (l − 1)h l−1 + krh l = lh l−1 we then arrive at
Furthermore, aiming to get a closed expression, we make use of the explicit definition of the spherical harmonics [8] :
where P m l (cos θ) are the associated Legendre polynomials of degree l and order m, and C l,m is used as a shorthand notation for the prefactor. In addition, it should be noted that Y l,−m = (−1) m Y * l,m , with the asterisk denoting complex conjugation. Then, it can be shown that
where e r ≡ (sin θ cos ϕ, sin θ sin ϕ, cos θ), e θ ≡ (cos θ cos ϕ, cos θ sin ϕ, − sin θ), and e ϕ ≡ (− sin ϕ, cos ϕ, 0), are the spherical unit vectors in Cartesian basis. Finally, after some straightforward but lengthy manipulations we arrive at a closed expression for a valid Hertz potential of any electric and magnetic multipolar source of arbitrary order:
and
As we can see, using spherical coordinates, the radial, polar and azimuthal dependences appear to be separated, thereby simplifying the subsequent calculations of the partial Fourier transform. In addition, it should also be noted that these expressions can be greatly simplified when we restrict ourselves to the plane z = 0, i.e., for θ = π/2. In fact, in this particular case the θ-dependent functions become, 
To perform the integration along the angle ϕ we will consider each of the vector components separately:
Even though these results appear to be somewhat complicated, we still have to carry out the integration along the radius and particularize to the case of the plane z = 0. Thereupon, it turns out to be more convenient to express the latter integrals in cylindrical coordinates:
where R ≡ r sin θ, z ≡ r cos θ, and
The explicit integrand functions given above are presented up to the fourth order in Table I . From these results we can make an important observation: for each l-order, the different mathematical structures appearing in the x and y components (i.e., in the functionsX component. Moreover, it can be seen thatZ
l,m (R, z) = 0 for all l = m. Therefore the problem is strongly reduced to the analysis of l integrals associated to the z component for each order l. Taking into account these considerations, in order to find a closed and analytical result, we shall first look into the possibility of integratingZ (e) l,m (R, z) for these particular cases. This involves a judicious choice of integration by parts in those cases in which setting z = 0 seems to cancel out the whole integral, greatly reminiscent of what happened in the previous case of the electric quadrupole. Thus, for the case l = 1:
For l = 2:
For the case l = 3 we have that:
And finally, for the case l = 4: 
1,+1 ] * . Hence, for this particular case, apart from the prefactors that account for the dimensional constants, both approaches are in perfect agreement, as expected.
S.16
Following a similar procedure for the electric quadrupole, we need first to identify the explicit relationship between the components of the quadrupole moment tensor, Q , and the different pairs {l, m}, with l = 2 and m = 0, ±1, ±2. For this, we will write the magnetic field associated to the electric quadrupole from the corresponding standard vector potential given in Eq. (S25): Analogously to the dipole case, this expression of the magnetic field has to be related to that obtained from the multipole expansion for l = 2: 
Thus, by comparing the functional form of H EQ with that of H
2,m , it is easy to see that, for m = 0 we have to require that Q xx = Q yy , and Q yz = Q xz = Q xy = 0. Likewise, for m = ±1, Q xx = Q yy = Q xy = 0, and Q yz = ±iQ xz . And finally, for m = ±2 we have that Q xy = ±iQ xx = ∓iQ yy , and Q xz = Q yz = 0. With these conditions, it follows that H EQ = ωk 
Taking into account these latter relations we can now compare the particular result of Eq. (S37) with the general one given in Eq. (S107) for l = 2: Hence, once again, apart from the prefactors, both approaches are straightforwardly related to each other, thus confirming the validity of the general expression given in Eq. (S107) up to the electric quadrupole case.
Appendix: Angular spectrum representation of the magnetic dipole and its relation with the electric dipole From a similar procedure as in the previous sections for the electric dipole and quadrupole, in order to obtain the angular spectrum of an oscillating magnetic dipole, we start by considering its associated vector potential [8] :
where m is the magnetic dipole moment. The corresponding spectral amplitude is obtained from its partial Fourier transform:
A MD (κ x , κ y ; z) = k 2π 
where Ω ≡ Ω R +Ω z = RJ 1 (kκ R R) [m z (sin φe x − cos φe y )+(m y cos φ − m x sin φ) e z ]−izJ 0 (kκ R R) (m y e x − m x e y ) . (S117)
Similarly to the electric quadrupole case, special care must be taken with the integral involving the z-dependent contribution. We thus perform the integration separately for the R-and the z-dependent contributions as follows:
A MD R (κ x , κ y ; z) = 
